In this paper we prove that s n (z)?S n (z) tends to zero in jzj 1 if n tends to 1, where s n is the nth partial sum of the expansion of a bounded analytic function F in terms of the ORF f k g 1 k=0 and S n is the nth partial sum of the ordinary power series expansion of F .
The main condition on the weight is that it satis es a Lipschitz-Dini condition and that it is bounded away from zero. This generalizes a theorem given by Szeg} o in the polynomial case, that is when all k = 0.
As an important consequence we nd that under the above conditions on the weight w and the points f k g 1 k=1 , the Ces aro means 1 Introduction
First we de ne the spaces of rational functions that play a central role in this paper. For a given sequence of points f k g 1 k=1 , we de ne the factors
(1 ? i z); n = 1; 2; : : :
If n denotes the space of all polynomials of degree at most n, then we set L n = fp n (z)= n (z) : p n 2 n g:
There are several ways to give bases for these spaces. We shall use here the Blaschke products de ned as B 0 = 1; B n (z) = 1 (z) n (z); n = 1; 2; : : : where kl is the Kronecker-delta.
We suppose that the weight function w we consider here is uniformly positive and uniformly bounded, i.e., there are positive numbers m and M such that 0 < m w( ) M < 1; 8 2 ? ; ):
Moreover, we assume that it satis es a Lipschitz-Dini condition jw( + ) ? w( )j < Lj log j ?1? ;
where L is a xed positive constant and > 0. This form of the Lipschitz-Dini condition is stronger than the one de ned in 5, p 227] in the sense that (1. (2) The counting measures n , that is the discrete measure n := 1 n P n i=1 i that assigns a mass 1=n to the points k for k = 1; : : :; n, has a weak star limit , that is lim n!1 R f(z)d n (z) = Under these conditions on the weight w and on the points f k g 1 k=1 , we gave in a previous paper 3], the asymptotics for the ORF f k g 1 k=0 on the unit circle. We even got the rate of convergence, namely O(log n) ? . The main result was the following. For the f k g 1 k=1 we assume that they are all in a compact subset of D and that the associated counting measure n converges in the weak star topology to the measure .
Let F be an analytic function, regular and bounded for z 2 D ; thus F 2 H 1 (D ). If s n denotes the nth partial sum of the expansion of the boundary values F(z), z 2 T, in terms of the ORF f k g 1 k=0 associated with w, and if S n is the nth partial sum of the ordinary power series expansion of F, then we have lim
uniformly in the whole closed unit disc D .
In the second section we deduce the lemmas we need to prove this theorem. The proof is then given in the third section. In the last section a number of corollaries of our main theorem are given 
Some preliminaries
Notice that it is su cient to discuss the statement for z 2 T, because we are dealing with analytic functions. The following integral expressions for the partial sums are easy to obtain. Setting = e i we get
We have used the notation k n (w; z; ) to denote the kernel k n (w; z; ) = P n i=0 i (x) i ( ). Note that k n is the reproducing kernel for L n with respect to the inner product h ; i w . For the power
Here the reproducing kernel is
We denote with n (z; ) the di erence of the kernels times the weight functions We now give a sequence of lemma's that are needed to give the proof of the main theorem.
We recall that the conditions on the weight w and on the points f k g 1 k=1 are assumed to hold throughout this paper.
From 2] we get the Christo el-Darboux relations for orthonormal rational functions.
Lemma 2.1 The following relation holds between the reproducing kernel k n (w; z; ) and the ORF f k g 1 k=0 :
Remember that the n are the Blaschke factors (1.1).
We recall the simple fact that if w satis es a Lipschitz-Dini condition then also 1=w satis es a Lipschitz-Dini condition (see 3, 7] ).
We the statement of the lemma follows.
The previous proof can be given using rational functions as well. Indeed, a Jackson III type Theorem was derived in 1, Lemma 4.6] and except for technicalities, the proof can be given along the same line. This is however an unnecessary complication.
We remark here that by (2.1) and using the same argumentation as above, we can obtain the following more general inequality j (z 1 ) ? (z 2 )j < L 0 jlog jz 1 ? z 2 jj ? ; 8z 1 ; z 2 2 D T:
We now derive an approximation of the ORF f k g 1 k=0 in terms of the spectral factor . where E = E(n; "; z) is the set f 2 T : jz ? j "n ?1 g and E 0 = E 0 (n; "; z) is the complementary set Tn E. Here " is an arbitrary small positive number.
The second integral is easy to bound. By Lemma 2.5 we nd that n (z; ) = O(n). So we have
This is arbitrarily small as " ! 0.
Before looking at the rst integral, we take a look at the integrals Because F is analytic inside the disk and has boundary values F(z) with z 2 T and because also the rest of the integrand is analytic inside the unit disk (the pole = z is canceled in the numerator) we can apply Cauchy's Theorem to nd the following result
Next we take a look at the function F n , de ned as (z 2 T is a parameter)
We see that the numerator of F n has a simple zero at = z. This The second equality follows from (2.2) and the third from (3.2). This proves our statement.
Some important consequences
In this last section we give some consequences of Theorem 1.2. We have shown that under some conditions on the weight w and the points f k g 1 k=1 and under some mild conditions for the function F, the general ORF-Fourier series and the ordinary Fourier series for F behave in the same way. Thus, if we impose some extra conditions on the function F that guarantee that S n converges uniformly to F in D = D T, then also s n shall convergerge uniformly to F in D .
Two examples are given below: either the boundary function f( ) := F(e i ) is 2 -periodic and satis es a Lipschitz-Dini condition of the form (1.4) or it is continuous and of bounded variation.
As we mentioned before, since F is analytic in D , it is su cient to consider convergence on T, since this immediately implies convergence in D . Indeed, F ? S n is analytic in D and by the maximum modulus Theorem, the maximum is reached on T.
Since we are interested in uniform convergence of the generalized Fourier series s n on the unit circle T, we need to impose some constraints on the boundary function f( ) := F(e i ). Finally we generalize the Fej er Theorem which says that the Ces aro means of the Fourier series S n converges uniformly for a continuous function. We now prove that under our conditions on the weight w and the points f k g 1 k=1 , this also holds in the general case of an ORF Fourier series.
First we prove the next lemma.
Lemma 4.3 If a series r n (z) converges uniformly on T, then also the Ces aro means converge uniformly on T.
PROOF. Without loss of generality we may assume that lim n!1 r n (z) = 0. Take " > 0. So we know that there is some n 0 2 Zsuch that for all n n 0 : jr n (z)j < ", where n 0 does not depend on z. PROOF. This is a combination of Theorem 1.2, Lemma 4.3 and the well-known Fej er Theorem, that states that if f is continous, then the Ces aro means of S n converge uniformly to F in D .
